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LI-YAU HARNACK ESTIMATES FOR A HEAT-TYPE
EQUATION UNDER THE GEOMETRIC FLOW
YI LI AND XIAORUI ZHU
Abstract. In this paper, we consider the gradient estimates for a postive
solution of the nonlinear parabolic equation ∂tu = ∆tu+hup on a Riemannian
manifold whose metrics evolve under the geometric flow ∂tg(t) = −2Sg(t). To
obtain these estimate, we introduce a quantity S along the flow which measures
whether the tensor Sij satisfies the second contracted Bianchi identity. Under
conditions on Ricg(t), Sg(t), and S, we obtain the gradient estimates.
1. Introduction
We are continuous to consider the gradient estimates for nonlinear partial dif-
ferential equations after our previous works [6, 11, 12]. Let (M, g(t))t∈[0,T ] be a
complete solution to the geomtric flow
(1.1) ∂tg(t) = −2Sg(t), t ∈ [0, T ].
on a complete and noncompact n-dimensional manifold M and consider a positive
function u = u(x, t) defined on M × [0, T ] solving the equation
(1.2) ∂tu = ∆tu+ hu
p, t ∈ [0, T ],
where ∆t stands for the Laplacian of g(t), h is a function defined on M × [0, T ]
which is C2 in x and C1 in t, and p is a positive constant. When metrics are
fixed, the study on the gradient estimates of (1.2) arose from [4]. If h = 0, Sun
[9] derived the gradient estimates and the Harnack inequalities for the positive
solutions of the linear parabolic equation ∂tu = ∆tu under the geometric flow.
In this paper, we consider the general case for the nonlinear parabolic equation.
Notice that the ∆t depends on the parameter t, and we should study the equation
(1.2) coupled with the geometric flow (1.1). The formula (1.1) provides us with
additional information about the coefficients of the operator ∆t appearing in (1.2)
but is itself fully independent of (1.2).
We introduce notions used throughout this paper. Let Bρ,T = {(x, t) ∈ M ×
[0, T ] : distg(t)(x, x0) < ρ}, where distg(t)(x, x0) denotes the distance between x to
a fixed point x0 with respect to g(t). ∇g(t) and | · |g(t) stand for the Levi-Civita
connection and norm with respect to g(t) respectively. Set








2010 Mathematics Subject Classification. Primary 53C44.
Key words and phrases. Nonlinear parabolic equation, Harnack estimate, geometric flow.
Yi Li is partially supported by the Fonds National de la Recherche Luxembourg (FNR) unde
the OPEN scheme (project GEOMREV O14/7628746). Xiaorui Zhu is partially supported by
Zhejiang Province Natural Science Foundation of China (grant) No. Q14A010002.
1
2 YI LI AND XIAORUI ZHU
Locally, one has








For example, if Sij = Rij , that is, (1.1) is the Ricci flow, we arrive at








by the second contracted Bianchi identity. Thus, the quantity Sg(t) measures
whether Sij satisfies the second contracted Bianchi identity.
Theorem 1.1. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow (1.1)
on M with −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤ K3g(t), and
|Sg(t)|g(t) ≤ K4 for some K1,K2,K3,K4 > 0 on B2R,T , with K := max{K1,K2}.
Let h(x, t) be a function defined on M × [0, T ] which is C2 in x and C1 in t,
satisfying ∆g(t)h ≥ −θ and |∇g(t)h|g(t) ≤ γ on B2R,T × [0, T ] for some nonnegative
constants θ and γ. If u(x, t) is a positive smooth solution of (1.2) on M × [0, T ],
then

















































where C1 is a positive constant depending only on n and
M1 := max
B2R,T
h−, M2 := max
B2R,T
up−1, h− := max(−h, 0).
































































where k > p, C2 is a positive constant depending only on n and
M3 := max
B2R,T
h−, M4 := max
B2R,T
up−1, M5 := max
B2R,T
h.
As an immediate consequence of the above theorem we have
Theorem 1.2. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M . Let h(x, t) be a function defined on M × [0, T ] which is C2in x and
C1 in t.
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(i) For 0 < p < 1, assume that h ≥ 0, |∇g(t)h|g(t) ≤ γ, ∆g(t)h ≥ 0 along
the geometric flow with −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤
K3g(t), |Sg(t)|g(t) ≤ K4 for some positive constants γ,K1,K2,K3,K4 with K :=
max{K1,K2}, along the geometric flow. If u is a smooth positive function satisfying

































for some positive constant C1 depending only on n, where M := maxM×[0,T ] up−1.
(ii) For p = 1, assume that −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) −
Sg(t) ≤ K3g(t), |Sg(t)|g(t) ≤ K4 for some positive constants K1,K2,K3,K4 with
K := max{K1,K2}, h ≥ 0, ∆g(t)h ≥ −θ (θ is nonnegative), and |∇g(t)h|g(t) ≤ γ
(γ is nonnegative), along the geometric flow. If u is a smooth positive function














for some positive constant C2 depending only on n.
(iii) For p > 1, assume that −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) −
Sg(t) ≤ K3g(t), |Sg(t)|g(t) ≤ K4 for some positive constants γ,K1,K2,K3,K4 with
K := max{K1,K2}. ∆g(t)h ≥ −θ, |∇g(t)h|g(t) ≤ γ, and −k1 ≤ h ≤ k2, where
θ, γ, k1, k2 > 0, along the geometric flow. If u is a bounded smooth positive function

























































for some positive constant C3 depending only on n, where M := maxM×[0,T ] up−1
























for some positive constant C4 depending only on n.
Another type of Harnack inequality is the following
Theorem 1.3. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow (1.1)
on M , satisfying −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤ K3g(t),
|∇g(t)Sg(t)|g(t) ≤ K4, for some K1,K2,K3,K4 > 0, with K := max{K1,K2}. Let
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h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1 and





























for some positive constant C depending only on n.
This theorem has three important consequences.
Corollary 1.4. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M , satisfying 0 ≤ Sg(t) ≤ K2g(t), −K3 ≤ Ricg(t) − Sg(t) ≤ K3g(t),
|∇g(t)Sg(t)|g(t) ≤ K4, for some positive constants K2,K3,K4. Let h(x, t) be a
nonnegative function defined on M × [0, T ] which is C2 in x and C1 in t, ∆g(t)h+
ht − 2Cn,pp |∇g(t)h|
2
g(t)
h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1 and Cn,p = n























for some positive constant C depending only on n.
Corollary 1.5. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M , satisfying −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤
K3g(t), |∇g(t)Sg(t)|g(t) ≤ K4, for some K1,K2,K3,K4 > 0, with K := max{K1,K2}.
Let h(x, t) be a nonnegative function defined on M × [0, T ] which is C2 in x and C1
in t, ∆g(t)h+ ht − 2Cn,pp |∇g(t)h|
2
g(t)
h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1


































for some positive constant C depending only on n, where (x1, t1), (x2, t2) ∈ M ×
[0, T ] with t1 < t2.
When K1 = 0, we have the following
Corollary 1.6. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M , satisfying 0 ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤ K3g(t),
|∇g(t)Sg(t)|g(t) ≤ K4, for some K2,K3,K4 > 0. Let h(x, t) be a nonnegative
function defined on M × [0, T ] which is C2 in x and C1 in t, ∆g(t)h + ht −
2Cn,pp
|∇g(t)h|2g(t)
h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1 and Cn,p = n
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for some positive constant C depending only on n, where (x1, t1), (x2, t2) ∈ M ×
[0, T ] with t1 < t2.
2. Auxiliary Lemmas
Suppose u is a positive solution of (1.1), and as in [4], we introduce a function
(2.1) W = u−q,
where q is a positive constant to be determined later. For convenience, we always
omit time variable t and write Qt for the partial derivative of Q relative to t. For
example, throughout this paper, ∆,∇, | · | mean the correspondence quantities with
respect to g(t). Write
 := ∆− ∂t.
A simple computation shows that
∇W = −qu−q−1∇u, |∇W |2 = q2u−2q−2|∇u|2,
Wt = −qu−q−1ut, ∆W = q(q + 1)u−q−2|∇u|2 − qu−q−1∆u.
The relation (2.1) yields (see [4, 6])
(2.2) |∇u|2 = |∇W |
2
q2W 2+2/q











Since |∇W |2/W 2 = q2|∇u|2/u2 and hW (1−p)/q = hup−1, we consider again the









F := F0 + βF1.(2.6)
Here α, β are two positive constants to be fixed later.
Introduce a 1-form Sg(t) defined by

















6 YI LI AND XIAORUI ZHU
For example, if Sij = Rij , that is, (1.1) is the Ricci flow, we arrive at








by the second contracted Bianchi identity. Thus, the quantity Sg(t) measures
whether Sij satisfies the second contracted Bianchi identity.
A analogous quantity like (2.7) also naturally appears in the general relativity,
see, for example, Proposition 13.3 in [8].
Lemma 2.1. Suppose that (M, g(t))t∈[0,T ] is a complete solution to the geometric






















Here div and tr are respectively divergence operator and trace operator of g(t).












Since g(t) evolves under the geometric flow (1.1), it follows that








)∇i∇jW + gij∂t (∂i∂jW − Γkij∂kW )
= 2Sij∇i∇jW + ∆(Wt)− gij∂kW∂tΓkij
= ∆(Wt) + 2
〈
S,∇2W〉+ 2 〈S,∇W 〉
using the fact that gij∂tΓ
k
ij = −2∇jSjk + ∇k(tr(S)) = −2Sk. The term ∆Wt −
Wtt = (∆W −Wt)t − 2
〈
S,∇2W〉− 2〈S,∇W 〉 can be simplified as [6] into
























− 2 〈S,∇W 〉
+ h(q + 1− p)W 1−pq Wt − 2
〈
S,∇2W〉 .




























The desired equation (2.8) immediately follows. 
Similarly, we can find the evolution equation of (2.5).
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Lemma 2.2. Suppose that (M, g(t))t∈[0,T ] is a complete solution to the geometric
flow (1.1) on M . If u is a positive solution of (1.2), then
F0 ≥ 2(1− )
∣∣∣∣∇2WW
∣∣∣∣2 + 2(1− 1
)

















q |∇ lnW |2 + α(1− p)h2W 2(1−p)q
where  ∈ (0, 1] is any given constant.


























































































































The following argument is the same as Lemma 2.2 in [6]. 
Combing Lemma 2.1 with Lemma 2.2, we get
Proposition 2.3. Suppose that (M, g(t))t∈[0,T ] is a complete solution to the geo-
metric flow (1.1) on M . If u is a positive solution of (1.2), Define
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Then for all  ∈ (0, 1] we have
F ≥ 2(1− )
∣∣∣∣∇2WW
∣∣∣∣2 + 2(1− 1
)





















q |∇ lnW |2 +W 1−pq [α∆h+ ht(qβ − α)](2.14)








+2 (Ric− S) (∇ lnW,∇ lnW )− 2β 〈S,∇ lnW 〉
3. Two special cases









Then qβ − α = 0 so that (2.14) becomes
F ≥ 2(1− )
∣∣∣∣∇2WW
∣∣∣∣2 + 2(1− 1
)
|∇ lnW |4 + 2α(1 + q)
q2
















q |∇ lnW |2 + αW 1−pq ∆h(3.2)














+ 2(Ric− S)(∇ lnW,∇ lnW )− 2α
q
〈S,∇ lnW 〉 .














∣∣∣∣2 − α4bq |S|2
]
,
for any positive real numbers a, b satisfying a + b = qα , with the equality if S =










∣∣∣∣2 + 2(1− 1
)




















q |∇ lnW |2(3.4)










+ 2(Ric− S)(∇ lnW,∇ lnW )− 2α
q
|S||∇ lnW |.





































Substituting (3.5) into (3.4), we obtain
Lemma 3.1. Suppose that (M, g(t))t∈[0,T ] is a complete solution to the geometric
flow (1.1) on M . If u is a positive solution of (1.2), then
F ≥ 2
q


















k + kq − p
k2q2
)






























q ∆h+ (1− p)(1− k)hW 1−pq |∇ lnW |2
+ 2(Ric− S)(∇ lnW,∇ lnW )− 2kq
p
|S||∇ lnW |,
where  is a positive real number satisfying  ∈ (0, 1], p, q, k, a, b are positive real
numbers such that a+ b = p/kq, and





















10 YI LI AND XIAORUI ZHU
in (2.14). Then the inequality (2.14) becomes
F ≥ 2(1− )
∣∣∣∣∇2WW
∣∣∣∣2 + 2(1− 1
)








































+ 2 (Ric− S) (∇ lnW,∇ lnW )− 4q
p
〈S,∇ lnW 〉 .












∣∣∣∣2 − qbp |S|2.








∣∣∣∣2 + 2(1− 1
)



































− 2qW 1−pq 〈∇ lnW,∇h〉+ 2 (Ric− S) (∇ lnW,∇ lnW )− 4q
p
〈S,∇ lnW 〉 .



































1 + q − p
2
)
























〈∇F,∇ lnW 〉+ 4(1 + q)
p











































q |∇ lnW |2 − 2qW 1−pq 〈∇ lnW,∇h〉
−4q
p


































1 + q − p
2
)
























〈∇F,∇ lnW 〉+ 4(1 + q)
p






















































q |∇ lnW |2
+2 (Ric− S) (∇ lnW,∇ lnW )− 4q
p
〈S,∇ lnW 〉 .
By choosing the same conditions on positive real numbers p, q, a, b,  as in [6],
Lemma 3.2, we obtain
Lemma 3.2. Suppose that (M, g(t))t∈[0,T ] is a complete solution to the geometric
flow (1.1) on an n-dimensional manifold M . Let h(x, t) be a nonnegative function
defined on M×[0, T ] which is C2 in x and C1 in t, and ∆g(t)h+ht− pη
|∇g(t)h|2g(t)
h ≥ 0
on M × [0, T ] for some p, η > 0. Let p, q, a, b,  be positive real numbers satisfying
(i) q is a priori given positive real number;
(ii) 0 <  ≤ 1;
(iii) a+ b = p/2q;
(iv) either 0 <  ≤ 2aq−n(p−1)p and 1 < p < 1 + 2aqn (then we choose 0 < η ≤
p−1
2p ), or 0 < p ≤ 1 and 2aqp −  > 0 (then we choose 0 < η ≤ 1n ( 2aqp − )).
If u is a positive solution of (1.2), F (x0, t0) > 0 for some point (x0, t0) ∈ M ×
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1 + q − p
2
)
























〈∇F,∇ lnW 〉+ 4(1 + q)
p
S(∇ lnW,∇ lnW )
+ 2 (Ric− S) (∇ lnW,∇ lnW )− 4q
p
〈S,∇ lnW 〉 .
4. Gradient estimates and some relative results
In this section, we will use previous lemmas to get the gradient estimates for the
positive solution of the equation (1.2) under the geometric flow.
Theorem 4.1. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow (1.1)
on M with −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤ K3g(t), and
|Sg(t)|g(t) ≤ K4 for some K1,K2,K3,K4 > 0 on B2R,T , with K := max{K1,K2}.
Let h(x, t) be a function defined on M×[0, T ] which is C2 in x and C1 in t, satisfying
∆th ≥ −θ and |∇th|t ≤ γ on B2R,T × [0, T ] for some nonnegative constants θ and
γ. If u(x, t) is a positive smooth solution of (1.2) on M × [0, T ], then

















































where C1 is a positive constant depending only on n and
M1 := max
B2R,T
h−, M2 := max
B2R,T
up−1, h− := max(−h, 0).
































































where k > p, C2 is a positive constant depending only on n and
M3 := max
B2R,T
h−, M4 := max
B2R,T




Proof. The proof is along the outline in [1, 4, 5] and is identically as it in [6]. For
completeness, we give a proof here. Firstly, we introduce a cut-off function (see
[3, 1, 5, 6, 7, 10]) on Bρ,T := {(x, t) ∈ M × [0, T ] : distg(t)(x, x0) < ρ}, where
distg(t)(x, x0) stands for the distance between x and x0 with respect to the metric
g(t), which satisfies a basic analytical result stated in the following lemma.
Lemma 4.2. Given τ ∈ (0, T ], there exists a smooth function Ψ : [0,∞)× [0, T ]→
R satisfying the following requirements:
(1) The support of Ψ(r, t) is a subset of [0, ρ] × [0, T ], 0 ≤ Ψ(r, t) ≤ 1 in
[0, ρ]× [0, T ], and Ψ(r, t) = 1 holds in [0, ρ2 ]× [τ, T ].
(2) Ψ is decreasing as a radial function in the spatial variables.
(3) The estimate |∂tΨ| ≤ Cτ Ψ
1/2
is satisfied on [0,∞)× [0, T ] for some C > 0.
(4) The inequalities −Cαρ Ψ
α ≤ ∂rΨ ≤ 0 and |∂2rΨ| ≤ Cαρ2 Ψ
α
hold on [0,∞) ×
[0, T ] for every α ∈ (0, 1) with some constant Cα dependent on α.
Proof. See [1]. 
For the fixed τ ∈ (0, T ], choose the above cut-off function Ψ. Define Ψ : M ×
[0, T ]→ R by setting




with ρ := 2R in Lemma 4.2. Consider the function ϕ(x, t) = tF (x, t). Using the
argument of Calabi [2], we may assume that the function G(x, t) := ϕ(x, t)Ψ(x, t)
with support in B2R,T is smooth. Let (x0, t0) be the point where G achieves its
maximum in the set {(x, t) : 0 ≤ t ≤ τ, dt(x, x0) ≤ ρ}. Without loss of generality,
assuming G(x0, t0) > 0, we have
∇G = 0, ∂tG ≥ 0, ∆G ≤ 0
at (x0, t0). Now apply Lemma 4.2 and the Laplacian comparison theorem (observe






























where C1/2, C and d1 are positive constants depending only on n. It is easy to show
that
(4.3) 0 ≥ G = ϕΨ + 2〈∇ϕ,∇Ψ〉+ Ψϕ
14 YI LI AND XIAORUI ZHU
at (x0, t0). Setting p ∈ (0, 1) and k = 1 in Lemma 3.1, we obtain from ϕ =

















1 + q − p
q2
)



























−2(1 + q)K1t+ 2pK3t
p
|∇ lnW |2 + 2
q
〈∇ϕ,∇ lnW 〉+ (1− p)hW 1−pq ϕ
− 2qγtW 1−pq |∇ lnW | − 2qt
p
K4|∇ lnW | − ϕ
t
.
According to Ho¨lder’s inequality,
2qγtW
1−p
q |∇ lnW | ≤ (1 + q)K1t
p





























1 + q − p
q2
)



























−3(1 + q)K1t+ 2p(K3 +K4)t
p
|∇ lnW |2 + 2
q
〈∇ϕ,∇ lnW 〉 − ϕ
t









Using Ho¨lder’s inequality again we have
3(1 + q)K1t+ 2p(K3 +K4)t
p
|∇ lnW |2








































































〈∇ϕ,∇ lnW 〉 − ϕ
t















Take  ∈ (0, 1/4) and choose q so that 1/q ≥ n(1 − )/22(1 − p). For such a pair
(p, q), we may choose a positive real number a such that aq/p ≥ 2 and then the
condition a + b = p/q holds for some b > 0 (because in this case 0 < aq/p < 1).



































































〈∇ϕ,∇ lnW 〉+ (1− p)hW 1−pq ϕ.
Plugging (4.6) into (4.3) and using the estimate for Ψ, we arrive at, where ρ := 2R,














































































where d1, d2 are positive constants depending only on n, and
M1 := sup
B2R,T
h−, M2 := sup
B2R,T
up−1.



















































































































































for some positive constant d3 depending only on n. The following inequality
























































Recall the conditions on p, q, , a, b that







22(1− p) , a+ b =
p
q
, a ≥ 2p
q
.









































































































on BR,τ , for some positive constant d4 depending only on n. Because τ ∈ (0, T ]




















































on BR,T . Arranging terms yields (4.1).

















k + kq − p
k2q2
)































〈∇ϕ,∇ lnW 〉+ (1− p)hW 1−pq ϕ
− 2qkγtW 1−pq |∇ lnW |+ (1− p)(1− k)thW 1−pq |∇ lnW |2
− 2k(1 + q)K1t+ 2p(K3 +K4)t
p




where  ∈ (0, 1] and p, q, k, a, b are positive real numbers such that a + b = p/kq
and k ≥ 1. Define
M3 := max
B2R,T
h−, M4 := max
B2R,T





























− (p− 1)(k − 1)M3M4y − 2k(1 + q)K1 + 2p(K3 +K4)
p
y − 2qkM4γy 12
}
.
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k + kq − p
k2q2
)
















As before, using 0 = ∇G = Ψ∇ϕ+ ϕ∇Ψ at (x0, t0), we arrive at, where ρ := 2R,





































































for some positive constants d1, d2. Multiplying the above inequality by Ψ on both



















































Using Ho¨lder’s inequality, where we choose akq > p and k + kq > p,
2
q




































































that is similar to (4.8) at (x0, t0), where d3 is a positive constant. Hence
G ≤
































































by taking a = (+ 12 )
p
kq , b = (
1













































on BR,τ , for some positive constant d4 depending only on n. Because τ ∈ (0, T ]



















































on BR,τ . In the following we shall show that −M6 > 0 is bounded from above by

















A := (p− 1)(k − 1)M3M4 + 2k(1 + q)K1 + 2p(K3 +K4)
p
, B := 2qkM4γ.
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Since Ay ≤ η1y2 +A2/4η1 and By1/2 ≤ η2y +B2/4η2 for any η1, η2 > 0, it follows
that (as in [6]), where we choose η1 = [(k − p)/kq]2/2n,
−M6 ≤ nk
2






(p− 1)(k − 1)M3M4
+








holds for any q > 0. Because the right-hand side of (4.12) as a function of q is
increasing, letting q → 0 yields
−M6 ≤ nk
2













where η > 0. Using (4.13), we prove (4.2). 
As an immediate consequence of the above theorem we have
Theorem 4.3. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M . Let h(x, t) be a function defined on M × [0, T ] which is C2in x and
C1 in t.
(i) For 0 < p < 1, assume that h ≥ 0, |∇th|t ≤ γ, ∆th ≥ 0 along the
geometric flow with −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤
K3g(t), |Sg(t)|g(t) ≤ K4 for some positive constants γ,K1,K2,K3,K4 with K :=
max{K1,K2}, along the geometric flow. If u is a smooth positive function satisfying

































for some positive constant C1 depending only on n, where M := maxM×[0,T ] up−1.
(ii) For p = 1, assume that −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) −
Sg(t) ≤ K3g(t), |Sg(t)|g(t) ≤ K4 for some positive constants K1,K2,K3,K4 with
K := max{K1,K2}, h ≥ 0, ∆g(t)h ≥ −θ (θ is nonnegative), and |∇g(t)h|g(t) ≤ γ
(γ is nonnegative), along the geometric flow. If u is a smooth positive function














for some positive constant C2 depending only on n.
(iii) For p > 1, assume that −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) −
Sg(t) ≤ K3g(t), |Sg(t)|g(t) ≤ K4 for some positive constants γ,K1,K2,K3,K4 with
K := max{K1,K2}. ∆g(t)h ≥ −θ, |∇g(t)h|g(t) ≤ γ, and −k1 ≤ h ≤ k2, where
θ, γ, k1, k2 > 0, along the geometric flow. If u is a bounded smooth positive function
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for some positive constant C3 depending only on n, where M := maxM×[0,T ] up−1
























for some positive constant C4 depending only on n.
In Lemma 3.2, we required that





for some positive constant p, η. In the following proof, we shall see that when
0 < p ≤ 2n2n−1 , we need only to assume that







n, p ≤ 1,
p
p−1 , p > 1.
Theorem 4.4. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow (1.1)
on M , satisfying −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤ K3g(t),
|∇tSg(t)|g(t) ≤ K4, for some K1,K2,K3,K4 > 0, with K := max{K1,K2}. Let




h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1 and





























for some positive constant C depending only on n.
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〈∇ϕ,∇ lnW 〉 − 4(1 + q)K1 + 2(K3 +K4)p
p




where ϕ = tF , from Lemma 3.2. Using Ho¨lder’s inequality
4(1 + q)K2 + 2K1
p
























































































































for some positive constant d1 depending only on n. Plugging the inequality
2
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The above calculation is based on the assumption that





for some positive constant η, p > 0. We now choose appropriate constants, together
with the our assumption that





to verify this assumption in Lemma 3.2. Recall the conditions on p, q, , a, b. First
we consider the case,
(4.20) q > 0, 0 <  ≤ 1, a+ b = p
2q
























Then we can choose η = 1n (
2aq
































)2 + K42n .



















1 + q − p2
)
+
√√√√K2 + [(1 + q)K1 + 12 (K3 +K4)p]2(
1− p2
)2 + K42n .



















1 + q − p2





















































Next we consider the second case; that is,
(4.22) q > 0, 0 <  ≤ 1, a+b = p
2q
, 1 < p < 1+
2aq
n
, 0 <  ≤ 2aq − n(p− 1)
p
.

















, 0 <  <
1
2
, 1 < p ≤ 2n
2n− 1
and η = p−12p ∈ (0, 14n ] so that p/η = 2p pp−1 > 2p. This choice of positive con-

































)2 + K42n .


























In both cases, we proved Theorem 4.4. 
Corollary 4.5. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M , satisfying 0 ≤ Sg(t) ≤ K2g(t), −K3 ≤ Ricg(t) − Sg(t) ≤ K3g(t),
|∇g(t)Sg(t)|g(t) ≤ K4, for some positive constants K2,K3,K4. Let h(x, t) be a
nonnegative function defined on M × [0, T ] which is C2 in x and C1 in t, ∆g(t)h+
ht − 2Cn,pp |∇g(t)h|
2
g(t)
h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1 and Cn,p = n























for some positive constant C depending only on n.
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on M × [0, T ]. For any two points (x1, t1), (x2, t2) ∈ M × [0, T ] with t1 < t2, as
[1], we let Θ(x1, t1, x2, t2) the set of all the smooth paths γ : [t1, t2] → M that
connect x1 to x2. Using the same argument in the proof of Lemma 2.10 in [1] and
the inequality ( 4.25), for any γ ∈ Θ(x1, t1, x2, t2) we have
d
dt








































Therefore, we arrive at



















Corollary 4.6. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M , satisfying −K1g(t) ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤
K3g(t), |∇g(t)Sg(t)|g(t) ≤ K4, for some K1,K2,K3,K4 > 0, with K := max{K1,K2}.
Let h(x, t) be a nonnegative function defined on M × [0, T ] which is C2 in x and C1
in t, ∆g(t)h+ ht − 2Cn,pp |∇g(t)h|
2
g(t)
h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1


































for some positive constant C depending only on n, where (x1, t1), (x2, t2) ∈ M ×
[0, T ] with t1 < t2.
When K1 = 0, we have the following
Corollary 4.7. Suppose that (M, g(t))t∈[0,T ] is a solution to the geometric flow
(1.1) on M , satisfying 0 ≤ Sg(t) ≤ K2g(t), −K3g(t) ≤ Ricg(t) − Sg(t) ≤ K3g(t),
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|∇g(t)Sg(t)|g(t) ≤ K4, for some K2,K3,K4 > 0. Let h(x, t) be a nonnegative
function defined on M × [0, T ] which is C2 in x and C1 in t, ∆g(t)h + ht −
2Cn,pp
|∇g(t)h|2g(t)
h ≥ 0 on M × [0, T ] (where Cn,p = pp−1 if p > 1 and Cn,p = n




























for some positive constant C depending only on n, where (x1, t1), (x2, t2) ∈ M ×
[0, T ] with t1 < t2.
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